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1. Introduction
The idea of studying two-dimensional dynamical systems by the asymptotic behavior of orbits
belongs to Poincare, Denjoy, and Weil. Last time, this idea was fruitfully applied by Anosov, Levitt,
Markley, and others.
Most generally by the problem of Anosov}Weil one understands the study of asymptotic
properties of simple curves lifted to an universal covering, and their &deviation’ from the lines of
constant geodesic curvature that have the same asymptotic direction. Below, we single out three
questions of this problem.
1.1. Statement of the problem
Let M be a closed surface of non-positive Euler characteristic s(M) 0 and let n :MM PM be
a covering map, where MM is an universal covering of M. Since s(M) 0, it follows that MM is either
the Euclidian plane R2 or the hyperbolic plane D. By de"nition, a Riemannian structure of M is
induced by the Riemannian structure of MM via n.
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To simplify matters we formulate three questions of the Anosov}Weil problem for semitrajec-
tories of #ows. Similar questions can be asked for leaves of foliations or laminations. For f t being
a #ow on M there is a covering #ow fM t on MM . Let lM be a semitrajectory of fM t. If lM belongs to
a restricted part of MM , then its asymptotic behavior is de"ned by Poincare}Bendixson theory. Now
assume that lM does not belong to any restricted part of MM . For the sake of being de"nite, suppose lM is
a positive semitrajectory lM"M fM t(m
0
) : t*0N through a point m
0
3MM . Then
lim
t?‘=
dM (m
0
, fM t(m
0
))"#R, (1)
where dM is a metric on MM . We say that lM goes to inxnity if
lim
t?‘=
dM (m
0
, fM t(m
0
))"#R. (2)
Generally speaking, the upper limit (1) does not imply (2). Therefore it is natural to consider the
following
Question 1. Suppose that a semitrajectory lM does not belong to any restricted domain of MM . When
does lM go to in"nity? In other words, under what conditions on #ows and trajectories the upper
limit (1) implies (2).
Suppose lM goes to in"nity. What can we say about asymptotic behaviors of lM ? In order to discuss
this question we have to apply a circle at in"nity (absolut) S
=
of MM . Any point of S
=
is de"ned by
the family of parallel directed geodesics, and vice versa, any point of S
=
de"nes the family of
parallel directed geodesics [18]. It is convenient to extend a covering #ow fM t to MM XS
=
by placing
a "xed point at each point of S
=
. After that we can remark about asymptotic properties in terms of
limit sets of semitrajectories.
If lM goes to in"nity, then its limit set belongs to the circle at in"nity S
=
. We say that lM has an
asymptotic direction p3S
=
if the limit set of lM consists of a unique point p3S
=
(sometimes we say
that l"n(lM ) has an asymptotic direction as well). The second question of the subject is the
following.
Question 2. Does lM have an asymptotic direction if lM goes to in"nity?
Suppose lM has the asymptotic direction p3S
=
. Take one of the oriented geodesics, say g6 , with the
same positive direction p (i.e. p is one of the endpoints corresponding to the positive direction of g6 ).
Such geodesic g6 is called a representative of p. Let m(t)3lM be a current point on lM such that m(t)Pp
as tP#R and let d(t)"dM (m(t), g6 ) be a distance between m(t) and g6 .
Question 3. Is the deviation of lM from g6 restricted? In other words, is there a constant k’0 such
that d(t) k for all t3[0;#R)?
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A restriction of deviation does not depend on the choice of a representative of p because all such
representatives are parallel geodesics. In this case, we will say that lM has a restricted deviation
property.
1.2. Historical remarks
Weil was the "rst to study dynamical properties of trajectories by lifting them to an universal
manifold. He got the alternative de"nition of PoincareH ’s rotation number for a "xed-point-free #ow
that has a global section on the torus. He proved that the rotation number is equal to the slope of
the ray that has the same asymptotic direction as the trajectories of the covering #ow [36]. The
foundation of his argument was the fact that the preimages of trajectories are pairwise disjoint. It
prompts the idea that similar properties would have an arbitrary curve, not necessarily coming
from a di!erential equation.
Speaking at the First International Topological Conference in Moscow in 1935 Weil [37]
singled out two conjectures on the behavior of covering of curves without self-intersections. The
"rst conjecture formulated as the theorem below says that the lift of a curve without self-
intersections on the torus has an asymptotic direction, provided that the lift goes to in"nity.
Theorem 1.1. Let l"Mm(t): t*0N be a curve on the torus „2 with no self-intersections. Let
lM"Mm6 (t): t*0N be any lift of l to R2. If x2(t)#y2(t)PR, then the limit
lim
t?=
y(t)
x(t)
exists, where m6 (t)"(x(t), y(t)).
The second conjecture is analogous to the "rst and is applied to higher genus surfaces (see more
details in [12,30, Chapter 10]). Unfortunately, Weil’s idea was not supported and eventually
ignored that time. In 1960s in the frame of the general progress of dynamical systems Anosov
revived interest in this subject. In 1966 at Tiraspol’s Symposium on General Topology he
announced the following theorem.
Theorem 1.2. Let f t be a yow on a closed surface M of non-positive Euler characteristic. If the set of
xxed points of f t is xnite, then every trajectory of the covering yow fM t on MM either belongs to a restricted
domain or has an asymptotic direction.
Consequently, Anosov generalized his theorem and obtained su$cient conditions of the exist-
ence of an asymptotic direction for a semitrajectory at the universal covering in the case of
a contractible set of "xed points. Let us underline, that in this theorem the #ows are supposedly
continuous. For analytic #ows Theorem 1.2 holds without restrictions on the set of "xed points; see
[1,2]. Note that the conditions of Theorem 1.2 are essential because there exist the example of #ow
having a covering semitrajectory with the limit set containing the circle at in"nity [3,5,6]. On
the other hand, there are semitrajectories having asymptotical directions with no any restrictions
on a #ow. For example, the existence of an asymptotic direction for nontrivially recurrent
S. Aranson et al. / Topology 40 (2001) 475}502 477
semitrajectories of every #ow on a closed orientable surface of genus g*2 [10] was proved by
Aranson and Grines.
Coming back to the 1960s, in the American continent apparently under M. Morse’s in#uence, G.
Hedlund brought to the attention of Markley (who was his student that time) all the bunch of
problems connected with the area. Markley [29] proved Weil’s theorem and conjecture in 1966 as
well as several related results for the #ows on surfaces of constant negative curvature. Unfortunate-
ly, only a minor part of Markley’s results was published in 1969 [28]. Note that the similar
result was proved at the same time by Aranson for nontrivially recurrent trajectories of torus
#ows [7].
In 1967, Pupko [32] independently proved Weil’s conjecture (for any curve without self-
intersections on a closed surface M of negative Euler characteristic). Thus question 2 has the
a$rmative answer. Questions 1 and 2 were solved by Grines for invariant manifolds of points from
orientable basic sets of A-di!eomorphisms [23] and by Levitt [25,26] for leaves of foliations with
singularities which are saddles of negative index on orientable compact surfaces (there results were
generalized, see e.g. [8,13]). Remark also paper [24], where the connection between the existence of
an asymptotic direction of a curve and its curvature was considered.
Question 3 is the least investigated one. It is well known that if f t is a "xed-point-free torus #ow
and lM is a semitrajectory of the covering #ow on R2, then lM has the restricted deviation property
[36,19], Theorem 6.5 [29]. Markley proved the restricted deviation property for l which is
a nontrivially recurrent trajectory in the Birkho! sense (or l belongs to the closure of such
trajectory) in the case s(M)(0; see Theorems 9.14, 9.15, 9.17 in [29]. (Recall that a trajectory is
nontrivially recurrent in the Birkho! sense if its closure is a nontrivial minimal set.) Unfortunately,
Markley’s results were not published. Pupko [32] stated the restricted deviation property for any
curves with no self-intersections but her proof was incorrect. In 1970s, Grines remarked that some
invariant one-dimensional manifolds of A-di!eomorphism of the pretzel constructed in the paper
[33] have the unrestricted deviation property. In fact, this observation was the "rst counter-
example to Pupko’s statement on the restricted deviation. Aranson and Grines constructed the
counterexample (described by Anosov [2]) even if l is a semitrajectory of a C= #ow. Note that the
#ow in this example has a continual set of "xed points. Later, Anosov [2}4] constructed similar
counterexamples on other surfaces including the torus and Klein bottle. Up to now, the most
general assertion on the restricted deviation property for Maier’s #ows (i.e. #ows with "nitely many
"xed points and separatrices) is that in [13].
In higher dimensions the restricted deviation property is similar to a quasi-geodesic property.
Fenley [20] proved that there are no quasi-geodesic codimension one foliations in closed 3-
manifolds having fundamental groups negatively curved in the large. In particular, there are no
quasi-geodesic codimension one foliations in a closed hyperbolic 3-manifold. On the other hand,
any codimension one foliation with trivial holonomy group in every compact #at 3-manifold has
the restricted deviation property (i.e. quasi-geodesic) [14].
1.3. Statement of results
The aim of this paper is to study Question 3 for trajectories of #ows and leaves of foliations on
closed surfaces. The main theorems are the following.
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Theorem 3.1. Let f t be a yow with xnitely many xxed points on a closed surface M of nonpositive Euler
characteristic. Let lM be a semitrajectory of the covering yow fM t on MM . Suppose lM has an asymptotic
direction; then lM has the restricted deviation property.
Theorem 3.2. Let F be a foliation with xnitely many singularities (all of nonpositive index) on a closed
surface M of nonpositive Euler characteristic. Suppose lM is a semileaf of the covering foliation FM on
MM and lM has an asymptotic direction; then lM has the restricted deviation property.
Theorem 3.1 is a generalization of the results of Weil [36], Denjoy [19], Markley [29], and
Aranson and Grines [13] mentioned above. At the end of the paper we give a general construction
of surface foliations to show that Theorem 3.1 becomes incorrect if a #ow f t has a continual set of
"xed points (Question 3 is still open for #ows having countable set of "xed points). We get the
surface foliation with countable set of singularities including thorns such that there are leaves with
the unrestricted deviation property (thus Theorem 3.2 is incorrect for foliations with countable set
of thorns). We also construct a surface foliation such that the covering foliation has leaves that do
not belong to any compact domain but do not tend to in"nity. Theorems 3.1 and 3.2 are proved in
Section 3. Examples are in Section 7.
In Section 4 one studies the ‘widtha of surface #ows and foliations. We restrict our consideration
by #ows and foliations with only saddle singularities of negative index. For any such foliation there
is a special geodesic lamination (called a geodesic framework) consisting of geodesics with the same
asymptotic directions as leaves of the foliation [9,11,25,26]. The main theorems of Section 4 are the
following.
Theorem 4.1. Let F be a foliation on a closed surface M of negative Euler characteristic. Suppose that
all singularities of F are topological saddles. Let ‚M be either a generalized or ordinary leaf of the
covering foliation FM . Then ‚M has the restricted deviation property.
Theorem 4.2. Let F be a foliation on a closed surface M of negative Euler characteristic. Suppose all
singularities of F are topological saddles; then
supMdM
LM
N(R,
where ‚1 ranges over the set of all generalized and ordinary leaves of the covering foliation FM .
Theorem 4.2 means the uniformity of deviations of leaves of a "xed foliation from its geodesic
framework. The supremum above is called a deviation of a foliation from its geodesic framework. It is
interesting to study the in#uence of this deviation on dynamical properties of the foliation.
In Section 5 we consider the Anosov}Weil problem under a branched covering which allows us
to study Questions 1}3 for surface foliations with singularities being topological saddles including
a nonempty set of thorns. In particular, one can consider foliations on the sphere and the projective
plane (i.e. surfaces of positive Euler characteristic). Applying the branched covering, we ‘killa
thorns on the universal covering MM . After such ‘killinga one can use the previous techniques. The
main result of Section 5 is the following theorem.
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Theorem 5.1. Let F3F
n
be a foliation on a closed surface M with marked set R
n
. Suppose lM is
a semileaf of the covering foliation FM on MM and l is not a separatrix. Then lM has an asymptotic direction
and the restricted deviation property.
In Section 6 we study the connection between the unrestricted deviation property and a swing of
a trajectory near corresponding hyperbolic line. Let m6 (t)3lM be a current point on a curve lMLMM
such that m6 (t)Pp3S
=
as tP#R. Let c be a hyperbolic line (which is either a geodesic that
represents the direction p or an equidistant curve with endpoint p). This line divides the hyperbolic
plane D into two domains DM
1
, DM
2
. We will say that lM swings near the hyperbolic line c in the positive
direction if there are two sequences of points
m6 (t
2n‘1
)3DM
1
, m6 (t
2n
)3DM
2
such that t
0
(t
1
(2(t
2n
(t
2n‘1
(2P#R.
As a consequence, lMOc and there is a sequence of points m6 (t
k
)"lMWc approaching p as t
k
P#R.
If t
k
P!R, then we get a swing in the negative direction. If, moreover, lM has the unrestricted
deviation property, then we say that lM has a resonance swing near the hyperbolic line c.
Now let l be a nontrivially recurrent trajectory of a #ow f t. For such a trajectory, there is
a corresponding geodesic g(l ) with the same asymptotic direction (for the both positive and negative
semitrajectories of l). If we take any lift lM of l, then there is a lift g6 (lM ) of g(l ) such that lM and g6 (lM ) have
the same endpoints on S
=
. We say that g6 (lM ) is a corresponding geodesic for lM . It is obvious that if
lM has an unrestricted deviation from g6 (lM ) on the both sides, then lM swings under g6 (lM ). But if lM has the
unrestricted deviation from g6 (lM ) on one side, then we can only guarantee that lM swings under some
equidistant curve of the geodesic g6 (lM ).
Theorem 6.3. Suppose f t is a yow on a closed orientable surface M of genus g*2 and l is
a nontrivially recurrent trajectory of f t. Let lM be a lift of l and let g6 (lM ) be a geodesic corresponding to lM . If
a positive (negative) semitrajectory of l has the unrestricted deviation property, then it has the resonance
swing near some equidistant curve of the geodesic g6 (lM ) in the positive (negative) direction.
We say that a curve lLM has a strong swing near corresponding hyperbolic line ‚(l )LM if any
lift lMLMM swings near the corresponding lift of ‚M (lM ). Theorem 6.3 means that a nontrivially
recurrent semitrajectory has a strong swing near some equidistant curve of the corresponding
geodesic whenever the semitrajectory has the unrestricted deviation property.
Similarly, one can prove the following theorem.
Theorem 6.4. Suppose F is a foliation on a closed surface M of nonpositive Euler characteristic and l is
a nontrivially recurrent leaf of F. If a positive (negative) semileaf of l has the unrestricted deviation
property, then it has the strong resonance swing near some equidistant curve of the geodesic g6 (lM ) in the
positive (negative) direction.
Now let us give the de"nition of a weak swing of a nontrivially recurrent trajectory l near the
corresponding geodesic g(l ). Since g(l ) is not closed and does not divide the surface M into open
domains, we have to apply the covering plane. The lift g6 (lM ) of geodesic g(l ) divides D into two
domains DM
1
, DM
2
. We will say that l swings weakly under the geodesic g(l ) in the positive direction if
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there are a sequence of points m6 (t
2n‘1
)3lM , m6 (t
2n
)3lM and a sequence of hyperbolic maps c
n
3G such
that
t
0
(t
1
(2(t
2n
(t
2n‘1
(2P#R and c
n
(m6 (t
2n‘1
))3DM
1
, c
n
(m6 (t
2n
))3DM
2
.
There is a similar de"nition of a swing in the negative direction.
A nontrivially recurrent trajectory is called semiproper if it does not reiterate itself on one side.
Otherwise a nontrivially recurrent trajectory is interior (in other words, it is self-limiting on both
the sides).
Theorem 6.1. Suppose f t is a yow on a closed orientable surface M of genus g*2 and l is an interior
nontrivially recurrent trajectory of f t. Let g(l ) be a geodesic corresponding to l. If some positive
(negative) semitrajectory of l does not coincide with any positive (negative) ray of g(l ) then l swings
weakly under g(l ) in the positive (negative) direction.
If a nontrivially recurrent trajectory l is not interior, then, generally speaking, l does not swing
weakly under g(l ). However, it swings weakly under g(l ) if l has the unrestricted deviation property.
Theorem 6.2. Suppose f t is a yow on a closed orientable surface M of genus g*2 and l is
a nontrivially recurrent trajectory of f t. Let g(l ) be a geodesic corresponding to l. If some positive
(negative) semitrajectory of l has the unrestricted deviation property then l swings weakly under g(l ) in
the positive (negative) direction.
If a trajectory l is not nontrivially recurrent, then Theorem 6.2 is not correct in general case (see
Section 7). Clearly, there are similar assertions for nontrivially recurrent leaves of surface foliations.
Let us indicate some applications. Recall that a di!eomorphism f : MPM is said to satisfy Axiom
A of Smale [35] (in short, A-diweomorphism) if its nonwandering set N=( f ) is hyperbolic and
periodic points of f are dense in N=( f ). By=u(x),=s(x) denote the unstable and stable manifolds
respectively through a point x3N=( f ). The spectral decomposition theorem of Smale [35] says
that N=( f ) is a union of the so-called basic sets. A basic set is either zero dimensional or one
dimensional or two dimensional if M is a surface. One-dimensional basic set K is called widely
disposed if there is no x3K such that some loop of two arcs one of which is in=s(x) and other is in
=u(x) bound a disc in M.
The application of Theorem 3.2 yields the following result which was proved independent in
[22].
Corollary 1.1. Let f : MPM be an A-diweomorphism of a closed orientable surface of nonpositive
Euler characteristic. Suppose X is a widely disposed one-dimensional attractor (resp. repeller) of f.
Then every curve of =u(s)(x)!x, x3X, has an asymptotic direction and the restricted deviation
property.
Note that Corollary 1.1 becomes incorrect if one replaces an attractor by repeller (or unstable
manifold by stable one). However, the following assertion is true for structurally stable
A-di!eomorphisms.
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Proposition 1.1 (Grines [22]). Let f : MPM be a structurally stable A-diweomorphism of a closed
orientable surface of nonpositive Euler characteristic. Suppose X is a widely disposed one-dimensional
attractor (resp. repeller) of f. Then every curve of =s(u)(x)!x, x3X, has an asymptotic direction and
the restricted deviation property.
Due to Corollary 1.1, each unstable (stable) manifold =u(s)(x), x3X, possesses the restriction
deviation property. Denote by d
.!9
(=u(s)(x)) the maximal deviation of the lift =M u(s)(x) of =u(s)(x)
from the corresponding geodesic g6 (=M u(s)(x)). As a consequence of Theorem 4.2, we have:
Corollary 1.2. Let f : MPM be an A-diweomorphism of a closed orientable surface of nonpositive
Euler characteristic. Suppose that X is a widely disposed one-dimensional attractor (resp. repeller) of f.
Then
sup
x|X
d
.!9
(=u(s)(x))(R.
Thus a widely disposed one-dimensional basic set has a "nite deviation from its geodesic
framework.
Finally, consider the resonance swing near some equidistant curve of a stable (unstable) manifold
=s(u)(x), where x belongs to an attractor (repeller) of f. Note that f is necessarily structurally
unstable in this case. Theorem 6.3 implies the following corollary.
Corollary 1.3. Let f : MPM be an A-diweomorphism of a closed orientable surface of nonpositive
Euler characteristic. Suppose X is a widely disposed one-dimensional attractor (resp. repeller) of f and
x3X. If one of the components of =s(u)(x)!x, say ls(u)
x
, has the unrestricted deviation property, then
any lift lM s(u)
x
of ls(u)
x
has the resonance swing near some equidistant curve of the corresponding geodesic
g6 (lM s(u)
x
).
2. Preliminaries
2.1. Surface yows
Let M be a compact connected surface of genus g and let f t be a #ow on M meaning that
f t :M]RPM is a one-parameter group of homeomorphisms f t of M. Denote by l(m)"l a traject-
ory through a point m3M and by ,x( f t) a set of all "xed points of f t, where m is a xxed point if
l(m)"m.
Let u(a)(l ) be an u(a)-limit set of l. A trajectory is u(a)-recurrent if it is contained in its u(a)-limit
set. A trajectory is recurrent if it is both u- and a-recurrent. A recurrent trajectory is nontrivial if it is
neither a "xed point nor a periodic trajectory. The closure of nontrivially recurrent trajectory is
called a quasiminimal set.
It is well known that u(a)-limit set of any semitrajectory is a connected nonempty and invariant
set. Moreover, the following theorem follows from the Poincare}Bendixson theory and Maier’s
results [27].
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Theorem 2.1. Let f t be a yow with xnitely many xxed points on a compact surface and let l be a positive
(negative) semitrajectory. Then the u(a)-limit set of l satisxes one and only one of the following
condition:
1. u(a)(l ) is a unique xxed point.
2. u(a)(l ) is a unique periodic trajectory.
3. u(a)(l ) is a unique one-sided contour (circuit) consisting of separatrix connections and xxed points.
4. u(a)(l ) is one quasiminimal set.
Combining this theorem and Theorem 1.2, we obtain
Theorem 2.2. Suppose f t is a yow with xnitely many xxed points on M, l‘ is a positive one-
dimensional semitrajectory of f t, and lM‘ is a lift of l‘ to MM . Then lM‘ has an asymptotic direction if and
only if the u-limit set u(l‘) of l‘ is one of the following:
1. u(l‘) is a periodic trajectory nonhomotopic to zero;
2. u(l‘) is a homotopically nontrivial one-sided contour (circuit) consisting of separatrix connections
and xxed points;
3. u(l‘) contains a nontrivially recurrent semitrajectory.
(Obviously, there is the similar statement for negative semitrajectory.)
Corollary 2.1. Suppose the conditions of Theorem 2.2 hold and l‘ is a nonperiodic trajectory. Then
lM‘ has an asymptotic direction if and only if l‘ intersects homotopically nontrivial closed transversal
and u(l‘) is not a xxed point.
A #ow f t is called irreducible if f t has a unique quasiminimal set and every homotopically
nontrivial closed curve of M intersects at least one nontrivially recurrent semitrajectory.
Since the torus „2 has the genus g"1, we obtain the following theorem [27].
Theorem 2.3. If a yow f t on the torus „2 has a nontrivially recurrent semitrajectory, then f t is
irreducible.
Let GLM be an open domain. A subset dG of the boundary LD is called accessible boundary of
G if for every x3dG there exists an open arc jLG such that x is one of the endpoints of j.
According to [21], a #ow gt is called highly transitive if every one-dimensional trajectory of gt is
dense in M. A trajectory recurrent cluster of a highly transitive #ow is either nontrivially recurrent
trajectory or a union of a saddle point and all separatrices associated with the saddle.
Theorem 2.4 (Gardiner [21]). Let f t be an irreducible yow on a closed surface M with xnitely many
xxed points. Then there exist a highly transitive yow gt on M and a continuous map h :MPM
homotopic to the identity with the following properties:
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1. Any nontrivially recurrent trajectory l of f t is homeomorphically mapped by h onto the image h(l )
that is either a nontrivially recurrent trajectory of gt or the union of nontrivially a-recurrent
trajectory, xxed point, and nontrivially u-recurrent trajectory.
2. h~1(S) is an invariant set of f t whenever S is the trajectory recurrent cluster of gt.
3. Let l be a nontrivially recurrent trajectory of gt. Then h~1(l ) contains at least one and at most two
nontrivially recurrent trajectories. Moreover,
(a) if h~1(l ) contains two nontrivially recurrent trajectories then both of them belong to the
accessible boundary of h~1(l );
(b) if h~1(l ) consists of a single trajectory, say ‚, then ‚ is a nontrivially recurrent trajectory of
f t and the restriction hD
L
:‚Pl is a homeomorphism.
4. For each point m3M, h~1(m) is compact and contractable.
5. Let N be a unique quasiminimal set of f t. Then h(N)"M.
6. If h"h"h
1
, where the maps h, h
1
satisxes conditions (1)}(5), then h is a topological equivalence.
A map h : MPM is called a blowing-down map of the irreducible #ow f t to the highly transitive
#ow gt provided that h satis"es conditions (1)}(6) above. This notion is stipulated by the construc-
tion of gt from f t by blowing-down the components of M!N (recall that N is the quasiminimal set
of f t). In this case, we say that f t is derived from gt by the blowing up map h~1. Remark that given an
irreducible #ow, a blowing-down operation and a corresponding highly transitive #ow are not
unique.
2.2. Surface foliations
Let us recall some de"nitions and results of theory of foliations.
By a foliation F with a set of singularities S on a surface M we mean a decomposition of
M!(SXLM) into pairwise disjoint curves la (without self-intersections) locally homeomorphic to
a family of parallel straight lines. Any curve la is called a leaf. Any point of S is called a singularity.
Generally, there is a special description of a foliation near singularities and a boundary LM of
M (e.g. one can suppose the foliation is either transverse to LM or components of LM are leaves of
F). A singularity O is called a topological saddle with l*1, lO2, separatrices if a foliation near O is
de"ned by one of the following equations:
(x#iy)l"(t#ic)2 if l is odd, (x#iy)0,5l"t#ic if l is even,
where x, y are local coordinates near the singularity O"(0,0), t is a parameter on a leaf
l
c
, i"J!1. The topological saddle with one separatrix is called a thorn and with three separatri-
ces is called a tripod. Note that an index of a topological saddle with l separatrices equals 1!l/2.
Let l be a nonclosed leaf of a foliation F. Any point x3l divides l into two semileaves, say l‘ and
l~. A semileaf l( > ) is called nontrivially recurrent if its intrinsic topology does not coincide with the
topology of l( > ) as a subset of M. A leaf l is said to be nontrivially recurrent if both its semileaves are
nontrivially recurrent. The topological closure of a nontrivially recurrent semileaf is called
a quasiminimal set.
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Theorem 2.5 (Aranson and Zhuzhoma [15]). Let F be a foliation with xnitely many singularities on
a compact surface M. Then every nontrivially recurrent semileaf belongs to only one quasiminimal set
and the intersection of quasiminimal sets may contain only singularities and separatrices connecting
singularities. Moreover, let N be a quasiminimal set of F. Then N is invariant (i.e. N is a union of leaves
and singularities) and every nontrivially recurrent semileaf of N is dense in N. Any quasiminimal set
can contain only the following leaves and singularities:
1. Nontrivially recurrent leaves.
2. Separatrices that are nontrivially recurrent semileaves.
3. Separatrices connecting singularities (possibly, loops).
4. Singularity belonging to a limit set of at least one separatrix of N.
2.3. Poincare model of the hyperbolic plane
Let D be the hyperbolic (or Lobachevsky) plane, that is a simply connected Riemannian
2-manifold of constant negative curvature. According to Poincare, we can consider D as the unit
disk DzD(1 of the complex z-plane endowed with the metric ds"2DdzD/(1!DzD2). The circle
S
=
"LD"(DzD"1) is called an absolute or a circle at inxnity. Geodesics of D are the circular arcs
orthogonal to S
=
. We suppose that any geodesic has an orientation and endpoints of geodesics
belong to the circle at in"nity.
Any closed orientable surface M of genus *2 is an orbit space D/G, where G is a discrete group
of orientation preserving isometries acting freely on D. The group G is isomorphic to the
fundamental group of M. The natural projection n : DPD/G+M is a universal covering map.
Every isometry of G can be extended to a homeomorphism of the closed disk DXS
=
. Since M is the
closed orientable surface, we have that every isometry c3G is a hyperbolic transformation having
two "xed points c‘,c~3S
=
. A point p3S
=
is called rational (under group G) if p"cB for some
c3G, cOid. Any point of the set
S
=
!Z
c|G
Mc‘,c~N
is called irrational. For M being a closed orientable surface of genus g*2 the rational points are
dense in the circle at in"nity.
Two subsets of DXS
=
are called congruent if there is a transformation of G taking one subset into
the other.
2.4. Geodesic frameworks of quasiminimal sets
Recall that a geodesic lamination on a surface M is a foliation of a closed subset of M by geodesics
with no self-intersections. (In other words, a geodesic lamination is a nonempty collection of
mutually disjoint simple geodesics, the union of which is a closed subset of M.) A geodesic
lamination is minimal if it contains no proper sublaminations.
Let us construct a special geodesic lamination for highly transitive #ows and quasiminimal sets.
Consider a trajectory l such that both semitrajectories of l have asymptotic directions. Let lM be any
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lift of l on D. Suppose a(lM )Ou(lM ); then there is the geodesic g6 (lM ) with endpoints a(lM ), u(lM ) and
oriented from a(lM ) to u(lM ). g6 (lM ) is called a geodesic corresponding to lM . It easy to see that the geodesic
n(g6 (lM )) $%&" g(l ) does not depend on the lift lM . g(l ) is called a geodesic corresponding to the trajectory l.
Since l has no self-intersections, it follows that g(l ) is a geodesic without self-intersections as well.
Let Q be a quasiminimal set of a #ow f t and let l be a nontrivially recurrent trajectory that is
dense in Q. Theorem 2.2 and Corollary 1.1 imply that both positive and negative semitrajectories of
l have asymptotic directions and a(lM )Ou(lM ). Hence there is a geodesic g(l ) corresponding to l.
Since g(l ) has no self-intersections, we have that the topological closure clos[g(l )] of g(l ) is
a geodesic lamination. This geodesic lamination is independent of the choice of l because any
nontrivally recurrent trajectory of Q is dense in Q [27]. So the following de"nition is well-de"ned.
The geodesic lamination
clos[g(l )] $%&" Gf (Q)
is called a geodesic framework of the quasiminimal set Q. If f t is a highly transitive #ow, then the
quasiminimal set of f t coincides with the surface M. In this case, Gf (M) $%&" Gf ( f t) is called a geodesic
framework of f t.
Theorem 2.6 (Aranson et al. [9], Aranson and Grines [11], Levitt [25,26]). Suppose f t has
a quasiminimal set Q on a closed orientable surface M of genus g*2; then Gf (Q) is a minimal geodesic
lamination consisting of nontrivially recurrent geodesics each being dense in Gf (Q).
In a similar way, one can construct a geodesic framework for a quasiminimal set of a foliation
but we have to replace Ref. [27] by Theorem 2.5.
3. Proof of the main theorems
In this section we prove Theorems 3.1 and 3.2.
Proof of Theorem 3.1. Taking a double covering, if necessary, we can assume that M is an
orientable surface. Suppose l"n(lM ) is a periodic trajectory; then, by Theorem 2.2, l is non-
homotopic to zero and the proof is trivial.
Let l()"n(lM be a nonclosed semitrajectory. Without loss of generality, we can assume that l()"l‘
is a positive semitrajectory. From Theorem 2.2 it follows that if lM‘ has an asymptotic direction, then
the u-limit set u(l ) of l‘ contains either a nontrivially recurrent trajectory or a periodic trajectory
nonhomotopic to zero or a nontrivially homotopic one-sided circuit (i.e. the union of "xed points
and separatrices connecting the "xed points). In the last two cases, l‘ spirally tends to some
nontrivially homotopic closed curve and the proof is similar to the case above when l is a periodic
trajectory nonhomotopic to zero. Thus, what remains to be considered is the case where u(l ) is
a quasiminimal set.
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First let us assume that M"„2 is the two-dimensional torus. Then the universal covering
MM "R2 is the Euclidean plane. By Theorem 2.3, the #ow f t is irreducible. Hence, according to
Theorem 2.4, there is a blowing-down map h :„2P„2 taking the #ow f t into a highly transitive
#ow denoted by f t
0
. Moreover, h is homotopic to identity. Since the Euler characteristic s(„2)"0,
we have that any "xed point of f t
0
is a fake saddle, i.e. a degenerate saddle with only two saddle
sectors. Without loss of generality, we can assume that f t
0
is obtained from a linear irrational #ow
by adding some fake saddles. Thus, the integral curves of f t
0
are geodesics and the covering #ow
fM t
0
has integral curves being straight lines of the Euclidean plane. Let h1 : R2PR2 be a lift of h. Then
h1 maps a lift lM‘ of l‘ onto some ray lM
0
having the same asymptotic direction as lM‘.
Let us show that there is a number k’0 such that dM (m6 ; h1 (m6 )) k for every m6 3R2. Clearly, the
unit square K"M(x; y)3R2: 0)x, y)1N is a fundamental domain for the group G of covering
transformations (recall that any transformation of G is an integer translation and the orbit of
K under G covers the plane R2). Since K is a compact set and h1 is a continuous map, we have that
there is k’0 such that dM (m6 ; h1 (m6 )) k for every m6 3K. Take an arbitrary point m6 3R2. There is
a covering transformation c3G such that c(m6 )3K. Since h1 is the lift of the map homotopic to
identity, we get h1 "c"c"h1 . It follows that dM (m6 ; h1 (m6 )) k because c preserves a distance. Hence,
lM‘ has the restricted deviation from the ray lM
0
. The theorem is proved for M"„2.
Now let M be a closed orientable surface of genus g*2. Then M1 "D is the hyperbolic plane.
We have to consider the following three cases:
1. l‘ belongs to a nontrivially recurrent trajectory, say l (in both directions).
2. l‘ is a nontrivially recurrent semitrajectory but it belongs to a trajectory l that is not nontrivially
recurrent in the negative direction.
3. l‘ is not nontrivially recurrent semitrajectory but its u-limit set u(l‘) contains a nontrivially
recurrent trajectory l.
Proof of case 1. Let lM be a lift of l on the hyperbolic plane D. Then the limit set of lM consists of two
points p‘,p~3S
=
. Denote by g"g(lM ) a geodesic with endpoints p‘, p~ and by m(t)3lM a current
point such that m(t)Pp‘(~) as tP#R(!R). Let [m(t);m
0
(t)] be the perpendicular from
a point m(t)3lM to the geodesic g, where m
0
(t)3g. Denote by d(t) the length of [m(t);m
0
(t)] (see Fig. 1).
We have to prove that the function d(t) is bounded as tP#R.
Let us assume the contrary. Then there is a sequence t
n
such that d(t
n
)P#R as t
n
P#R.
Passing to a subsequence, if necessary, we can assume that the sequence n(m
0
(t
n
)) converges to
some point m
0
3M because the surface M is compact. Take some point m6
0
3n~1(m
0
). Since
n(m
0
(t
n
)) converges to m
0
, we get that there exist a sequence c
n
3G such that c
n
(m
0
(t
n
))Pm6
0
as
t
n
P#R.
According to Theorem 2.6, the topological closure of n(g) is the geodesic framework X of the
quasiminimal set u(l ) $%&" Q. Therefore, the topological limit of the geodesics c
n
(g)"g
n
is the
geodesic g
0
Ln~1(X) through the point m6
0
. Moreover, the endpoints p‘
n
, p~
n
of g
n
approach
endpoints p‘
0
,p~
0
of g
0
, respectively (see Fig. 1) as nPR.
Denote by S the geodesic through m6
0
that is perpendicular to g
0
. Let a, u3S
=
be the endpoints
of S. Since c
n
is an isometry, we have that the sequence of points m
n
"c
n
(m(t
n
)) accumulates at least
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Fig. 1.
Fig. 2.
at one of the points a, u. Without loss of generality, we can assume that m
n
Pu as nP#R.
Denote by C the topological limit of the sets c
n
(lM )Xp‘
n
Xp~
n
. It is obvious that C is a connected set
and p‘
0
, p~
0
, u3C.
Let us show that the intersection CWS
=
does not contain a nontrivial open interval. Suppose the
contrary; then (a;b)LCWS
=
, aOb. Since G is a Fuchsian group of "rst kind, we get that there
exists a hyperbolic isometry k3G with "xed points k‘, k~ such that k‘3(a;b) and the pair of
points Mk‘,k~N divides the pair of points Mp‘
0
, p~
0
N (Fig. 2).
Hence the endpoints of kk(lM ) belong to (a;b) for some k3N su$ciently large. Since the interval
(a;b) belongs to the limit set of c
n
(lM )Wp‘
n
Wp~
n
, we get that kk(lM )Wc
n
(lM )O0 for some n3N
su$ciently large. It is impossible because kk(lM ) and c
n
(lM ) are trajectories of the covering #ow.
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Thus the intersection CWS
=
does not contain a nonempty interval. Therefore, there exists an arc
KLC with endpoints k
1
, k
2
3S
=
such that int(K)LD and at least one of the endpoints k
1
, k
2
di!ers from p‘
0
, p~
0
(recall that u3C). To be de"nite, assume that k
1
OMp‘
0
, p~
0
N (Fig. 3). It is
obvious that n(K) belongs to the quasiminimal set u(l ). Therefore, n(K) is neither a closed leaf nor
a one-sided circuit. Since the #ow f t has "nitely many "xed points, we get that there exists
a semitrajectory lM
1
LK such that the limit set of lM
1
contains the point k
1
and n(lM
1
)"l
1
is a
nontrivially recurrent semitrajectory [27, Theorem 1]. It follows that there is a closed transversal
C nonhomotopic to zero such that CWl
1
O0.
Since l
1
is the nontrivially recurrent semitrajectory, we have that it meets C in"nitely many
times. Hence, lM
1
intersects in"nitely many curves CM
1
, CM
2
,2, belonging to the full preimage n~1(C).
Since the group G is discontinuous, we obtain that these curves converge to the point k
1
. As
a consequence, we can choose the lift CM of C such that the pair of endpoints MC‘, C~N of CM
does not divide the pair Mp‘
0
, p~
0
N (see Fig. 3). Therefore a trajectory c
n
(lM ) has to intersect CM at least
at two points for a su$ciently large n. This is impossible because CM is the transversal curve of the
#ow f1 t.
Proof of case 2. Now let l‘ be a nontrivially recurrent semitrajectory belonging to the trajectory
l that is not nontrivially recurrent in the negative direction. From Theorem 1 [27] (see Theorem 2.2
[9] as well) it follows that the a-limit set a(l ) of l does not contain non"xed points. Hence, a(l ) is
a unique "xed point denoted by O. It is obvious that O3Q"u(l ). Since f t has "nitely many "xed
points, we have that there is a neighborhood ;(O) of O such that ;(O) contains only one "xed
point and there is at least one point of Q outside of;(O). Hence, l enters and leaves;(O) in"nitely
many times. Bendixson’s theorem [18] implies that there is a geometric extension l
1
of l in the
negative direction. It means that for any points m3l, m
1
3l
1
and any transversal segments R,R
1
through m,m
1
, respectively, there is an arc of l intersecting R,R
1
arbitrarily close to the points
m, m
1
(Fig. 4). If a(l
1
) contains at least one non"xed point, then l
1
is a nontrivially a-recurrent
semitrajectory because l
1
LQ. If a(l
1
) is a unique "xed point O
1
, we can repeat the above
construction to get the geometric extension l
2
of l
1
in the negative direction and on the same side.
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Since the surface M is compact and f t has "nitely many "xed points, we can choose special
geometric extensions to obtain trajectories l
0
"l, l
1
,2, lk , satisfying the following conditions:
(a) l
i
LQ, 0)i)k.
(b) u(l
i‘1
)"a(l
i
), 0)i)k!1.
(c) l
i‘1
is the geometric extension of l
i
, 0)i)k!1, in the negative direction and on the same
side.
(d) l
k
is a nontrivially a-recurrent trajectory.
Denote by ‚ the union of the trajectories l
0
, l
1
,2, lk and "xed points u(li ), 0)i)k. Let ‚1 be the
lift of ‚ consisting of the lifts lM
0
, l1
1
,2,lM k of l0 , l1 ,2, lk and the corresponding "xed points. By
Theorem 2.4, a(lM
k
)"p~ is a unique point of the circle at in"nity. Due to Corollary 2.1, p~ and
p‘"u(lM
0
) are di!erent points. Hence there is the geodesic g"g(‚1 )LD joining points p~,p‘. It
can be shown in a way similar to case 1, that a deviation of ‚1 from g is restricted. As a consequence,
lM has the restricted deviation property.
Proof of case 3. To conclude the proof, what remains to be considered is that the last possibility of
l‘ is not a nontrivially recurrent semitrajectory but u(l‘) contains a nontrivially recurrent
trajectory l. According to Corollary 2.1, there is a homotopically nontrivial closed transversal
C intersecting l. Hence, l‘ intersects C in"nitely many times because l does (recall that l is
nontrivially recurrent). By the case we are considering, l‘ does not belong to the quasiminimal set
Q"u(l ). Therefore, l‘ intersects C through intervals of C!Q. Since M is compact, we have that
there is a point a3l‘XC such that l‘(a) belongs to a simply connected domain D bounded by an
arc jLC through a and by two nontrivially recurrent semitrajectories l
1
, l
2
having the same
asymptotic direction with l‘. According to cases 1 and 2 we considered above, both semitrajec-
tories l
1
, l
2
have the Restricted deviation property. Since l
1
, l
2
have the same asymptotic direction
and l‘(a) belongs to the simply connected domain D bounded by l
1
, l
2
, we get that l‘ has the
restricted deviation property. This completes the proof of the theorem. h
Proof of Theorem 3.2. Using a double covering, if necessary, we can assume that M is an orientable
surface. Let us consider the semileaf l()"n(lM )LM. If l() is a closed leaf, then it is nonhomotopic to
zero because the foliation F has no singularities of positive index. The proof is trivial for
a nontrivially homotopic closed leaf.
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Let l() be a nonclosed semileaf. Without loss of generality, we can assume that l() has a regular
parametrization [0;#R)Pl()"l‘. Thus l()"l‘ is a positive semileaf. Denote by u(l‘) the
u-limit set of l‘. Since lM‘ has an asymptotic direction, we have that u(l‘) is either a quasiminimal
set or a nontrivially homotopic closed leaf or a nontrivially homotopic one-sided circuit. In the last
two cases, l‘ approaches spirally the nontrivially homotopic closed curve and the proof is trivial
again.
What remains to be considered is the case where u(l‘) is a quasiminimal set. First, we assume
that M"„2 is the two-dimensional torus. Since F has no singularities of positive index, we get
that F has no singularities at all. Further, F has a closed transversal intersecting every leaf because
there are nontrivially recurrent semileaves. Therefore, F can be included in a #ow and the result
follows from Theorem 3.1.
Now let M be a closed orientable surface of genus g*2. In this case, the proof is similar to the
corresponding proof of Theorem 3.1, where the reference in Maier’s Theorem 1 [27] is replaced by
Theorems 2.5 and 2.6. Note also that the leaf lM of the covering foliation F1 cannot intersect
a transversal of F1 at more than one point because F and F1 have no singularities of positive
index. h
4. Deviation from geodesic frameworks
In this section we consider surface foliations and #ows with singularities of saddle type. For such
foliations and #ows, due to Levitt [25,26], there is the alternative construction of a geodesic
framework, when one uses ‘generalizeda leaves of covering foliations (see [9,30], as well). We will
construct geodesic frameworks for foliations only because one can consider any #ow like an
orientable foliation.
Let F be a foliation on a closed orientable surface M of negative Euler characteristic and let F1 be
its covering foliation on D. Suppose s
0
is a separatrix of a singularity O of F1 ; then there are two
separatrices of O that are adjacent for s
0
, i.e. each of them with s
0
bound a saddle sector of O. Both
adjacent separatrices are the geometric extensions of s
0
. Evidently, one of them, say s
l
, is the
extension to the left and the other, denoted by s
r
, is the extension to the right. Sometimes they say
that s
l
and s
r
are the Bendixson extensions of s
0
[9].
A sequence of separatrices 2, sn ,2 is called a one-sided sequence if each consequent separatrix
is the geometric extension of previous separatrix to the same side. Note that this sequence may be
"nite or in"nite including both cases n3N and n3Z. The union of separatrices of a one-sided
sequence and corresponding singularities is called a generalized leaf of F1 . The image of a generaliz-
ed leaf of F1 under the map n is called a generalized leaf of F.
Take a generalized leaf or an ordinary leaf (that is not a separatrix) ‚1 . Assume that ‚1 has two
di!erent endpoints p
1
,p
2
both belonging to the circle at in"nity S
=
. A geodesic g6 "g6 (‚1 ) with the
same endpoints p
1
, p
2
is called the geodesic corresponding to ‚1 . Denote by Gf (F1 ) the union of g6 (‚1 ),
where ‚1 ranges over generalized and ordinary leaves of F1 . Then Gf (F1 ) is a geodesic lamination on
D [25]. As a consequence, Gf (F)"n(Gf (F1 )) is a geodesic lamination on M and Gf (F) is called
a geodesic framework of F.
Note that for transitive foliations Levitt’s de"nition of a geodesic framework represented above
coincides with the de"nition we formulated in Section 2.
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Let ‚1 be either a generalized leaf or ordinary leaf and let g6 (‚1 ) be its corresponding geodesic. If
there is a constant k’0 such that dM (m6 , g6 (‚1 )) k for any point m6 3‚1 , then we say that ‚1 has
a restricted deviation property. Put
dM
L1
"sup
m6 |L1
d1 (m6 , g6 (‚1 )).
Proof of Theorem 4.1. If ‚1 is an ordinary leaf, then the theorem follows from Theorem 3.2. Hence,
we have to consider the case where ‚1 is a generalized leaf. If ‚1 consists of in"nitely many
separatrices, then n(‚1 ) is a one-sided circuit. Therefore the geodesic n(g6 (‚1 )) is simple and closed. To
conclude the proof in this subcase, what remains to be noted is that n(‚1 ) and M are compact.
Suppose ‚1 consists of "nitely many separatrices s6
1
,2,s6 n . Then the "rst and the last separatrices
s6
1
,s6
n
are not separatrix connections. According to Theorem 3.2, they both have the restricted
deviation property. Since ‚1 consists of "nitely many separatrices, we obtain that ‚1 has the
restricted deviation property as well. h
Proof of Theorem 4.2. Assume the converse. Then there is a sequence of points m6
i
3‚1
i
such that
dM (m6
i
, g6 (‚1
i
))PR as iPR, where ‚1
i
is either a generalized or ordinary leaf of F1 . From now on, it is
convenient to think that the notion ‘generalized leafa means either a real generalized leaf or an
ordinary leaf.
Since M is a compact surface, we get that the sequence n(m6
i
) has a converge subsequence.
Without loss of generality it can be assumed that the sequence n(m6
i
) converges to some point
m
0
3M. Let us take an arbitrary point m6
0
3n~1(m
0
). Then there is a sequence of points
m6 @
i
converging to m6
0
such that each point congruents to m6
i
. Hence there is a sequence of covering
maps c
i
3G such that c
i
(m6
i
)"m6 @
i
Pm6
0
.
It is obvious that ‚1 @
i
"c
i
(‚1
i
) is the generalized leaf through the point m6 @
i
and g6 (‚1 @
i
)"c
i
(g6 (‚1
i
)) is
the corresponding geodesic. Since c
i
is an isometry, we have dM (m6 @
i
, g6 (‚1 @
i
))PR as iPR.
By the compactness of M, the foliation F has a "nitely many singularities. Therefore we can
assume that every point m6 @
i
is not a singularity. Hence there are one-dimensional leaves lM (m6 @
i
)L‚1 @
i
through m6 @
i
, respectively. By the above, one can assume that all leaves lM (m6 @
i
) are di!erent. We have to
consider three cases:
1. m6
0
is not a singularity and the leaf lM (m6
0
) is not a separatrix.
2. m6
0
is not a singularity and the leaf lM (m6
0
) is a separatrix.
3. m6
0
is a singularity.
Proof of case 1. This case is divided into three subcases:
(a) The leaf n(lM (m6
0
))"l(m
0
)LM is nontrivially recurrent.
(b) The leaf n(lM (m6
0
)) is closed.
(c) n(lM (m6
0
)) is neither a nontrivially recurrent leaf nor a closed leaf.
In the subcase (a), both the semileaves of l(m
0
) have asymptotic directions [9,10,25,26]. Denote
by lM‘(m6
0
) and lM~(m6
0
) the semileaves of lM (m6
0
). Let p‘
0
,p~
0
3S
=
be limit points of lM‘(m6
0
) and lM~(m6
0
),
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respectively. According to Corollary 2.1, l(m
0
) intersects a closed transversal C nonhomotopic to
zero. Therefore, p‘
0
Op~
0
. Moreover, since l(m
0
) is nontrivially recurrent, it follows that l(m
0
)
intersects C in"nitely many times. Hence, lM‘(m6
0
) (resp. lM~(m6
0
)) intersects the countable family of
curves CM
1
,CM
2
,2 (resp. CM ~1 ,CM ~2 ,2) 3n~1(C) converging to the point p‘0 (resp. p~0 ).
Let us take two transversals CM
n
,CM
~n
. Note that all endpoints of this transversals belong to the
circle at in"nity S
=
. The endpoints of CM
n
(resp. CM
~n
) divide S
=
into two intervals such that one of
them, say I
n
(resp. I
~n
), contains the point p‘
0
(resp. p~
0
). Due to the theorem on continuous
dependence of leaves on initial conditions (see e.g. [9]), all leaves lM (m6 @
i
) intersect both the transver-
sals CM
n
,CM
~n
for i su$ciently large. As a consequence, the endpoints of ‚1 @
i
belong to the intervals
I
n
, I
~n
. Since the sequence of curves CM
k
,CM
~k
converges to the points p‘
0
,p~
0
, respectively, we obtain
that the endpoints of ‚1 @
n
converge to p‘
0
,p~
0
in the Euclidean metric on S
=
as nPR. Hence, the
endpoints of the geodesics g6 (‚1 @
n
) converge to p‘
0
, p~
0
in the Euclidean metric on S
=
as well. As
a consequence, dM (m6 @
i
, g6 (‚1 @
i
))PdM (m6
0
, g6 (lM (m6
0
)))(R. This contradicts our assumption.
Let us consider subcase (b). If leaves l(m
i
)"n(lM (m6 @
i
)) are closed for in"nitely many indexes i, we
have that the corresponding leaves l(m
i
) are homotopic to the closed leaf l(m
0
) and one can get the
same contradiction as above. Suppose that all leaves l(m
i
) are nonclosed. Without loss of generality,
we can assume that the points m
i
are convergent to m
0
from the same side of the leaf l(m
0
).
Moreover, since the leaves l(m
i
) are nonclosed, it follows that there is the closed transversal C
0
such
that C
0
and l(m
0
) bound the annulus K containing all points m
i
. (Recall that a nonclosed leaf
approaching a closed leaf has to intersect at least twice a transversal segment through any point of
the closed leaf. Therefore one can construct a closed transversal intersecting the nonclosed leaf [9]).
Since C
0
and l(m
0
) are homotopic, we get that there is a lift CM
0
of C
0
with endpoints p‘
0
, p~
0
. Hence,
CM
0
and lM (m6
0
) bound a simply connected domain K1 LD (see Fig. 5).
A leaf coming into K1 cannot leave K1 because F1 has no singularities of positive index. Hence one
of the endpoints of the generalized leaf ‚1 @
i
is p‘
0
or p~
0
. To be de"nite, assume that it is the point p‘
0
.
Denote the other endpoint of ‚1 @
i
by p~
i
. Since the leaf l(m
0
) is closed, it follows that there is the
hyperbolic map c3G such that the lift lM (m6
0
) is invariant under c. Without loss of generality we can
assume that p‘
0
(resp. p~
0
) is the attracting (resp. repelling) point of c. Then cn(p~
i
)Pp~
0
as
nP#R. (Note that endpoints of the generalized leaf ‚1 @
i
are di!erent, p~
i
Op‘
0
.) Hence the
sequence of points p~
i
converges to p~
0
in the Euclidean metric on S
=
as iPR. As a consequence,
dM (m6 @
i
, g6 (‚1 @
i
))PdM (m6
0
, g6 (lM (m6
0
)))(R. This contradicts our assumption.
In subcase (c), note that the leaves l(m
i
) are nonclosed because the leaf l(m
0
) is nonclosed and is
not a separatrix. Let us introduce a positive direction on the leaf l(m
0
). After this one can consider
the u(a)-limit set u(a)(l(m
0
)) of l(m
0
). Due to Theorem 2.2, there is the list of virtual limit sets of
l(m
0
). If both limit sets u(l(m
0
)) and a(l(m
0
)) are quasiminimal sets, then the proof is similar to the
proof of subcase (a). Suppose that both u(l(m
0
)) and a(l(m
0
)) are closed leaves or one-sided circuits.
Then there are the closed transversals Cu ,Ca homotopic to u(l(m0)), a(l(m0)), respectively, such
that Cu , Ca are intersected by l(m0 ). Take the lifts u6 l , C1 u of u(l(m0 )), Cu , respectively, such that
u6
l
and CM u have the same endpoints denoted by u‘,u~. Moreover, we can assume that the leaf
lM (m6
0
) intersects CM u (see Fig. 6).Since l(m0) intersects Ca , we get that there is a lift CM a of Ca intersected
by lM (m6
0
). Note that lM (m6
0
) intersects every transversal CM u ,CM a at one point because the foliation F1 has
no singularities of positive index.
By Theorem 8.1.2 [18], the endpoints of CM a , C1 u coincide if they are not mutually disjoint. If they
coincide, then all geodesics g6 (‚1 @
i
) are equal to the geodesic ‚1
0
with endpoints u‘, u~. This is
S. Aranson et al. / Topology 40 (2001) 475}502 493
Fig. 5.
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impossible because dM (m6
0
,‚1
0
)(R. Hence the endpoints of CM a , CM u are di!erent. Let us denote by
a~, a‘ the endpoints of CM a . There is a lift a6 (l(m0)) of the curve a(l(m0 )) with the endpoints a~, a‘.
Since curves a6 (l(m
0
)), u6
l
consist of leaves and singularities of the covering foliation F1 , we have that
the pair of points a~,a‘ does not divide the pair of points u‘,u~ on the circle at in"nity (Fig. 6).
Each pair divides S
=
into two intervals. Let Ia , IuLS= be intervals with endpoints a~,a‘ and
u‘,u~, respectively, such that IaWIu"0. According to the theorem on continuous dependence of
leaves on initial conditions [9], all leaves lM (m6 @
i
) intersect both transversals CM a ,CM u . Therefore
geodesics g6 (‚1 @
i
) converge to some geodesic ‚1 , one endpoint of which belongs to the interval Ia and
the other endpoint belongs to Iu . As a consequence, dM (m6 0 ,‚1 )(R. This contradicts to our
assumption dM (m6 @
i
, g6 (‚1 @
i
))PR.
Finally, if one of the sets u(l(m
0
)), a(l(m
0
)) is a quasiminimal set and another is a closed leaf or
one-sided circuit, then the proof is obtained by combining of arguments of the s ubcases above.
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Proof of case 2. In this case, by taking an appropriate subsequence we can assume that all points
m6 @
i
converge to m6
0
from the same side. Let ‚1 (m6
0
) be the generalized leaf obtaining by a geometric
extension of the leaf lM (m6
0
) to the same side as the points m6 @
i
converge to m6
0
. If ‚1 (m6
0
) consists of
a "nite number of separatrices; then, the proof is similar to the proof of subcase (a) or (c) above. If
‚1 (m6
0
) consist of in"nitely many separatrices; then ‚1 (m6
0
) is a lift of a one-sided circuit. This case is
similar to subcase (b) above.
Proof of case 3. Since m6
0
is a saddle, it follows that there is a saddle sector S
0
of m6
0
that contains
in"nitely many points m6 @
i
converging to m6
0
. The sector S
0
is bounded by separatrices s6
1
,s6
2
such
that each of these is a geometric extension of the other. Let ‚1 (m6
0
) be the generalized leaf containing
the separatrix s6
2
and obtained by a geometric extension of s6
1
to the same side as the points
m6 @
i
converge to s6
1
. Thus this case is reduced to case 2. This completes the proof. h
5. Branched coverings
Let the map dk :CPC be given by zPzk, k3N, where C is the complex z-plane. A continuous
map n:M1 PM is called a branched covering if any point m3M has a neighborhood; such that the
preimage n~1(;) is a union<
1
,<
2
,2 of mutually disjoint neighborhoods and the restriction nD<i
is topologically conjugate to dk for some k3N. The number k is called a branching index of point
z
i
"n~1(m)W<
i
. A covering is regular if all points from n~1(m) have the same branching index. For
regular coverings the branching index of any point of n~1(m),m3M, is said to be a branched order
and is denoted by k(m). A point m
0
3M is called a branch point if k(m
0
)’1. The collection M
0
LM
of branch points forms a branched set. This set is discrete and "nite whenever M is compact. The
number of points in n~1(x), x3M!M
0
, is called a multiplicity of n. If M is arcwise connected, then
this number is independent of the choice of point x3M!M
0
.
In this section we consider surface foliations with only singularities being topological saddles
including nonempty set of thorns. It is well known that the sum of indexes of all singularities equals
the Euler characteristic of a surface. Since the sum is an integer, we have that the number of
singularities of half-integer index is even. This fact allows us to apply a special branched covering to
‘killa thorns. First, we consider an orientable closed surface M of genus g*0. Let n be an even
natural such that n*4 if g"0 and n*2 if g*1. Fix on the surface M a set R
n
of n points. This set
will be called a marked set. Since n is even, there exists a two-sheeted branched covering p :MK PM
with branch set M
0
"R
n
[9]. Note that the branching order of any branch point is equal to 2. By
the condition n*4 if g"0, the surface MK is the closed orientable surface of genus g*1. Thus
n("p"n : M1 PM is the universal covering map, where M1 is either the Euclidian plane R2 or the
hyperbolic plane D and n :M1 PMK is the nonbranched universal covering map.
If M is a nonorientable surface of genus g*1 we assume that n*2 if g"1 and n3N is any even
number if g*2. Again "x a set R
n
of n points on M. There is a nonbranched double covering
q : M@PM, where M@ is an oriented closed surface. The preimage q~1(R
n
) consists of 2n points and
2n*4 if the genus of M@ equals 0. So there is a two-sheeted branched covering p : MK PM@ with
branch set q~1(R
n
). The map n("q"p"n : M1 PM is the universal covering, where M1 is again either
the Euclidian plane R2 or the hyperbolic plane D.
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Let M be a surface with marked set R
n
. Denote by F
n
the class of foliations such that the set of
singularities of half-integer index of any F3F
n
coincides with R
n
. The last condition implies that
any foliation F3F
n
has a lift F1 on M1 under the covering n( . Hence we can consider Questions 1}3
of the Anosov}Weil problem (see the introduction) for leaves and semileaves of foliations of the
class F
n
. Further, we follow the notation and de"nitions of the introduction.
Proof of Theorem 5.1. Since the branching order of any branch point of two-sheeted branched
covering map p : MK PM(M@) is equal to 2, we have that the covering foliation F1 has no thorns.
Hence any singularity (if exists) of F1 is a saddle of nonpositive index. According to [9,10,25,26], the
semileaf lM has an asymptotic direction.
Let FK be a lift of F under p if M is orientable or under p"q if M is nonorientable. Thus FK is the
foliation on the closed orientable surface MK . Since the branching order of any branch point of p is
equal to 2, we get that any singularity of FK is a saddle of nonpositive index (note that if M is the
sphere with n"4 or M is the projective plane with n"2, then FK is the foliation on the torus
without singularities). Let lK be a lift of l on the surface MK . In order to prove the restriction deviation
property for lM we can consider lM like the lift of lK under the nonbranched universal covering
n : M1 PMK . Hence the restriction deviation property of lM follows from Theorem 3.2. h
6. Swing of trajectories near hyperbolic lines
In this section we prove Theorems 6.1}6.3.
Proof of Theorem 6.1. We prove the theorem for a positive semitrajectory l‘ only because for
a negative semitrajectory the proof is similar. Let lM be the lift of l and let g6 (lM ) be the geodesic
corresponding to lM . This geodesic divides the hyperbolic plane D into two domains D1
1
,D1
2
. Denote
by p
‘
(p
~
)3S
=
an asymptotic direction of a positive (negative) semitrajectory of lM . By the
conditions of the theorem, for any number N’0 there is a parameter t
0
’N such that m6 (t
0
)3lM‘
but m6 (t
0
) N g6 (lM ), where m6 (t)3lM is a current point. To prove the theorem it is enough to "nd a map
c3G and two parameters t
1
, t
2
both more than t
0
such that c(m6 (t
1
))3D1
1
, c(m6 (t
2
))3D1
2
.
If lM‘(m6 (t
0
))!m6 (t
0
) intersects both the domains D1
1
,D1
2
, then there is nothing to prove (c"id).
Suppose that either lM‘(m6 (t
0
))LD!D
1
or lM‘(m6 (t
0
))LD!D
2
. If lM‘(m6 (t
0
))Wg6 (lM )O0, then we
denote by p‘ the "rst point of the intersection of lM‘(m6 (t
0
)) with g6 (lM ). If lM‘(m6 (t
0
))Wg6 (lM )"0, then we
put p‘"p
‘
. In the same way, denote by p~ the "rst point of the intersection of lM~(m6 (t
0
)) with g6 (lM )
as a parameter decreases and lM~(m6 (t
0
))Wg6 (lM )O0. Otherwise p~"p
~
. Denote by D1 LD the
domain bounded by g6 (lM ) and the arc of lM between the points p‘,p~ (see Fig. 7).
Since the nontrivially recurrent trajectory l is interior, we get that the geodesic n(g6 (lM )) is
self-limiting on both the sides. Hence there is the hyperbolic isometry c~13G, c~1Oid, such that
c~1(g6 (lM ))WD1 O0. Moreover, we can assume that the point m6 (t
0
) and the geodesic g6 (lM ) belong to
di!erent components on which the geodesic c~1(g6 (lM )) divides the plane D (Fig. 7). According to
[10], c~1(p
‘
)Op
‘
and c~1(p
~
)Op
~
. As a consequence, the geodesic c~1(g6 (lM )) has to leave the
domain D1 at some point m6 (t@)3lM‘(m6 (t
0
)) corresponding to a parameter t@’t
0
. Hence there are two
parameters t
1
, t
2
’t
0
such that c(m6 (t
1
))3D1
1
, c(m6 (t
2
))3D1
2
. This completes the proof. h
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Fig. 7.
Proof of Theorem 6.2. Let us apply the notation of the proof of Theorem 6.1. It is enough to
consider only a positive semitrajectory l‘ because for a negative semitrajectory the proof is similar.
If l is interior, then the theorem follows from Theorem 6.1. Hence we can assume that l is
a semiproper trajectory. In this case, there are two geodesics denoted by g6
1
(p
‘
) and g6
2
(p
‘
) such
that they have a common endpoint p
‘
. Moreover, they project into nontrivially recurrent
geodesics; each is without self-intersections on the surface M [17]. One of these geodesics, say
g6
1
(p
‘
), is the corresponding geodesic g6 (lM ). Clearly, both g6
1
(p
‘
) and g6
2
(p
‘
) divide the hyperbolic
plane D into three domains D1
1
, D1 , D1
2
. Suppose the domain D1 situated between g6
1
(p
‘
), g6
2
(p
‘
) and
g6
i
(p
‘
) is the boundary of D1
i
, i"1, 2.
Note that if lMWD
1
O0, then the proof is similar to the proof of Theorem 6.1 because the domain
D1
1
contains geodesics of the form c(g6
1
(p
‘
)), c3G, that are arbitrarily close to g6
1
(p
‘
). Therefore we
assume that lMWD
1
"0. Since the positive semitrajectory of l has the unrestricted deviation
property, we get that lMWD
2
O0. Again the next proof is similar to the one of Theorem 6.1 because
the domain D1
2
contains geodesics of the form c(g6
1
(p
‘
)), c3G, that are arbitrarily close to
g6
2
(p
‘
). h
Proof of Theorem 6.3. Again we will prove the theorem for a positive semitrajectory lM‘LlM only.
Denote by p
‘
(p
~
)3S
=
the asymptotic direction of lM in the positive (negative) direction. By
de"nition, p
‘
(p
~
) is the asymptotic direction of the corresponding geodesic g6 (lM ) in the positive
(negative) direction. Let m6 (t)3lM be a current point on lM such that m6 (t)Pp
‘
as tP#R and let
d(t)"dM (m(t),g6 (lM )) be a distance between m6 (t) and the geodesic g6 (lM ). Denote by p6 (t) the perpendicular
dropped from the point m6 (t) to the geodesic g6 (lM ) (if m6 (t)3g6 (lM ), then p6 (t)"m6 (t)) and by m6
0
(t) the
endpoint of p6 (t) that belongs to g6 (lM ). It is obvious that the length of p6 (t) is equal to d(t). By the
conditions of the theorem,
lim sup
t?‘=
d(t)"#R.
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To prove the theorem it is enough to show that
lim inf
t?‘=
d(t)(#R.
Let us assume the contrary. Then
lim inf
t?‘=
d(t)"#R. (3)
The geodesic g6 (lM ) divides the hyperbolic plane D into two domains D1
1
, D1
2
. By the condition, there is
a point m6 (t
0
)3lM‘ but m6 (t
0
) N g6 (lM ). Equality (3) implies that we can assume lM‘Wg6 (lM )"0. Denote by
p~ the "rst point of the intersection of lM~(m6 (t
0
)) with g6 (lM ) as a parameter decreases if
lM~(m6 (t
0
))Wg6 (lM )O0. Otherwise p~"p
~
. By de"nition, put lM‘(p~)"lM if p~"p
~
. Denote by D1
0
the
open domain bounded by lM‘(p~) and [p~;p
‘
), where [p~;p
‘
) is the geodesic positive ray of g6 (lM )
starting at the point p~. Without loss of generality we can assume that D1
0
LD1
1
.
Let E1 LD1
1
be the equidistant curve of the geodesic g6 (lM ) such that the hyperbolic distance
between g6 (lM ) and E1 is equal to 2d(t
0
). Denote by D1 the open domain bounded by g6 (lM ) and E1 . By
equality (3), there is a parameter t1 such that
lM‘(m6 (t1 ))WD1 "0. (4)
Thus the semitrajectory lM‘(m6 (t1 )) leaves the domain D1 . Since l is a nontrivially recurrent trajectory,
we get the sequence c
k
3G such that
dM (c
k
(m6
0
(t
0
)); [m6
0
(t1 ),p
‘
))P0, as kPR, c
k
(m6
0
(t
0
))3D1 .
Hence, c
k
(p6 (t
0
))3D1 if k is large enough because c
k
is an isometry and the length of p6 (t
0
) is equal to
d(t
0
) (we recall that the hyperbolic distance between g6 (lM ) and E1 is equal to 2d(t
0
)). Equality (4)
implies c
k
(p6 (t
0
))3D1
0
. In particular, c
k
(m6 (t
0
))3D1
0
. As a consequence, the trajectory c
k
(lM ) goes
through the point c
k
(m6 (t
0
))3D1
0
.
According to [10], c
k
(p
‘
)Op
‘
and c
k
(p
~
)Op
~
. Note that c
k
(g6 (lM ))LD
1
because
c
k
(m6
0
(t
0
))3D1 LD
1
. Therefore the geodesic c
k
(g6 (lM )) intersects D1 and has to leave the domain D1 .
Hence the trajectory c
k
(lM ) has to intersect the trajectory lM . This contradiction concludes the
proof. h
7. Examples
First, we construct special foliations by the gluing of transitive and Denjoy type foliations. Take
two oriented surfaces M
1
and M
2
endowed with foliations F
1
, F
2
, respectively. Suppose F
1
is
a transitive foliation (i.e. there is a leaf everywhere dense in M
1
) and F
2
is a Denjoy-type foliation,
i.e. F
2
has an exceptional minimal set X(F
2
) which is a nowhere dense minimal set locally
homeomorphic to the product of a Cantor set and a segment. Suppose that M
2
!X(F
2
) contains
a simply connected domain= such that the accessible boundary of = consists of two leaves, say
‚
1
and ‚
2
. For example, if F
2
is a Denjoy foliation on the torus, then all components of
M
2
!X(F
2
) are simply connected domains with the accessible boundary consisting of two leaves.
Similar Denjoy-type foliations exist on a sphere as well, see [34].
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Let D
1
be a disc on M
1
such that the boundary LD
1
is transverse to F
1
except two points
a
1
, c
1
3LD
1
where F
1
is tangent to LD
1
. Suppose F
1
has no singularities in D
1
. We endowed the
circle LD
1
with the natural orientation induced by M
1
. Thus (x; y), x, y3LD
1
, means the interval
passing from x to y in positive direction. Clearly, two points a
1
, c
1
3LD
1
divide LD
1
into intervals
(a
1
; c
1
) and (c
1
; a
1
). Denote by /
1
: (a
1
; c
1
)P(c
1
; a
1
) the leafwise map induced by the restriction of
the foliation F
1
on D
1
. Take some point d
1
3(a
1
; c
1
) and put b
1
"/
1
(d
1
).
Let D
2
L= be a disc on M
2
such that the boundary LD
2
is transverse to F
2
except two points
b
2
, d
2
3LD
2
. Suppose LD
2
WX(F
2
)"b
2
Xd
2
and b
2
3‚
1
, d
2
3‚
2
; then the disc D
2
divides the
domain = into two parts =‘,=~. Without loss of generality, we can assume that there are no
singularities of F
2
in D
2
. Similarly, endow the boundary LD
2
of D
2
with the natural orientation
induced by M
2
. Further, choose some points a
2
3(b
2
; d
2
), c
2
3(d
2
; b
2
). It is obvious that there is the
orientation reversed homeomorphism H:LD
1
PLD
2
such that H(a
1
)"c
2
, H(b
1
)"b
2
,
H(c
1
)"a
2
, and H(d
1
)"d
2
. Let us consider the homeomorphism
/
2
"H"/
1
"H~1D
*a2 _ c2 + :[a2 ; c2]P[c2 ; a2].
It is easy to see that /
2
(a
2
)"a
2
, /
2
(c
2
)"c
2
, and /
2
(d
2
)"b
2
.
Suppose x
0
"c
2
, x
1
,2, xn ,2 is a sequence of points xi3(c2 ; b2 )LLD2 such that xnPb2
monotonically as nPR; then the sequence Mx
~n
"/~1
2
(x
n
)N=
0
of points x
~i
3(d
2
; c
2
) is monotone
and x
~n
Pd
2
as nPR. Now we replace the foliation F
2
on =‘ by a special foliation F(=‘)
drafted in Fig. 8. Here for any n the points x
n
, x
~n
belong to separatrices of the tripod O
n
that has
the separatrix connection with the thorn „
n
. We can assume that the leafwise map
(d
2
; c
2
)P(c
2
; b
2
) induced by F(=‘) coincides with the map /
2
.
Before we de"ne F(=‘) more precisely let us take the transversal segment „ of the foliation
F
2
through the points b
2
, d
2
. The interval (b
2
; d
2
)L„ divides „ into two subsegments, say „~ and
„‘. To be de"nite, assume that the subsegment „‘ contains the point d
2
. Since the leaves ‚
1
,‚
2
are nontrivially recurrent, we have that =‘ intersects both subsegments „~ and „‘ in"nitely
many times. Let=‘
1
be the "rst interval of the intersection=‘ with „‘. Suppose inductively that
=‘
n‘1
is the "rst interval of the intersection=‘W„‘ after=‘
n
that is between d
2
and the interval
=‘
n
. It is clear that the sequence of intervals =‘
n
is well de"ned. One can construct the foliation
F(=‘) such that the thorns „
n
and tripods O
n‘1
tend to the point d
2
like a ‘crane wedgea (see
Fig. 9).
A similar foliation F(=~) is constructed in the domain=~. Thorns and tripods of F(=~) tend
to the point b
2
along the sides of angle.
Attach the surface M
1
!D
1
to M
2
!D
2
by the homeomorphism H. As a result, we obtain an
orientable closed surface M. The leaves of the foliations F
1
DM
1
!D
1
, F(=‘), F(=~), and
F
2
DM
2
!(D
2
X=) form a family of curves. We denote this family by F@. By de"nition, the points
a
2
"H(c
1
), c
2
"H(a
1
), b
2
"H(b
1
), and d
2
"H(d
1
) are singularities. Then F@ becomes a foliation
(denoted by F) because the points b
2
"H(b
1
), d
2
"H(d
1
) of accumulation of the thorns and
tripods are singularities. Moreover, note that the segments between „
n
and O
n‘1
that are
transversal to the foliation F
2
approach the singularity d
2
as well.
Evidently, the surface M is a connected sum M"M
1
dM
2
of the surfaces M
1
and M
2
.
Therefore the foliation F is called a special connected sum of the foliations F
1
and F
2
. Note that any
leaf l(m) through a point m3M
1
!D
1
is nontrivially recurrent provided that l(m) is not a separat-
rix. It is easily shown that if l(m) is nontrivially recurrent, then the limit set of l(m) equals
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Fig. 9.
(M
1
!D
1
)XX(F
2
). Note that nontrivially recurrent leaves exist because any quasiminimal set has
a continuum of nontrivially recurrent leaves (analog of Cherry’s theorem for foliations, see e.g.
[15,16]) but the set of singularities of F is countable.
Now we are ready to present the "rst example. Suppose M
1
"M
2
"„2 is the two-dimensional
torus, F
1
is a minimal foliation, and F
2
is a Denjoy foliation. Then M"M
1
dM
2
is the orientable
closed surface of the genus g"2. The special connected sum F of the foliations F
1
and F
2
has
a nontrivially recurrent leaf l. We already know that the limit set of l is equal to (M
1
!D
1
)XX(F
2
).
Let lM be a lift of l on the hyperbolic plane D. Since the leafwise map (d
2
; c
2
)P(c
2
; b
2
) induced by
F(=‘) coincides with /
2
"H"/
1
"H~1, where /
1
is the leafwise map induced by the restriction of
F
1
on D
1
, we have that both semileaves lM‘ and lM~ of lM have asymptotic directions. Each semileaf
l‘, l~ of l intersects the interval (a
1
, c
1
) in"nitely many times and contains both leaves ‚
1
,‚
2
of
F
2
in its limit set. Since both ‚
1
and ‚
2
are nontrivially recurrent, it follows again that they have
asymptotic directions. By construction, the asymptotic directions of the leaves l and ‚
i
(i"1 or 2)
are di!erent. Therefore both semileaves lM‘ and lM~ of lM have an unbounded deviation. Moreover,
since l intersects both the intervals (a
1
, d
1
) and (d
1
, c
1
) in"nitely many times, we get that both
semileaves of every leaf ‚
1
,‚
2
belong to the limit set of l. Hence lM swings near the corresponding
geodesic and has an unbounded deviation in the both sides. Modifying in the obvious way the
foliation F(=‘) or F(=~) one can get a swing of lM on one side only.
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In the same way, we construct a #ow with a semitrajectory having the unrestricted deviation
property. Denote by [O
n
,„
n
] the arc consisting of the singularities O
n
, „
n
and the separatrix of
F(=‘) connecting this singularities. Suppose F@ is the foliation F restricted on the domain
M!X(F
2
)X
n
[O
n
,„
n
]; then the leaves of F@ form an orientable family of curves that satis"es the
conditions of Whitney’s theorem on embedding of a family of curves into a #ow [38]. Hence there
is a #ow f t on M such that ,x(f t)"X(F
2
)X
n
[O
n
,„
n
]. As before, the reader will easily prove that
f t has a semitrajectory with the unrestricted deviation property.
By light modi"cation, one can get a #ow with nonclosed one-dimensional trajectory l that has
both positive and negative asymptotical directions but l does not swing near g(l ) (where g(l ) is the
corresponding geodesic for l ); even l has the unrestricted deviation property. Thus Theorem 6.2 is
not correct in general case if the trajectory l is not nontrivially recurrent.
Finally, suppose M
1
"S2 is the two-dimensional sphere, F
1
is a transitive foliation, M
2
is an
orientable closed surface of genus g*1, and F
2
is a Denjoy type foliation. (Note that stable
manifolds of Plykin’s attractor form a transitive foliation on the sphere [31], see also a straightfor-
ward construction in [34,9].) Then M"M
1
dM
2
is an orientable closed surface of genus g*1.
The special connected sum F of the foliations F
1
, F
2
has a leaf such that its lift does not belong to
any restricted domain of M1 but does not go to in"nity.
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